A quantum error-correcting code for single deletion errors is provided. To the authors' best knowledge, this is the first code for deletion errors.
Introduction
In the classical coding theory, deletion error-correcting codes have been studied for synchronization of communication since the pioneer work by Levenshtein [1] . However, no quantum code for deletion error has been constructed yet. This letter provides the first quantum code for deletion errors that are defined as partial trace operations. In particular, an encoding and a decoding are described.
Single quantum deletion error
For a square matrix A over a complex field C, TrðAÞ denotes the sum of the diagonal elements of A. Set j0i; j1i 2 C 2 as j0i :¼ ð1; 0Þ T ; j1i :¼ ð0; 1Þ T respectively. We denote the set of all density matrices of order n by SðC n Þ. A density matrix is used for representing a quantum state and is called a quantum message.
For an integer 1 i n and a square matrix A ¼ P x;y2f0;1g n a x;y Á jx 1 ihy 1 j Á Á Á jx n ihy n j with a x;y 2 C, define the map Tr i as Tr i ðAÞ :¼ P
x;y2f0;1g n a x;y Á Trðjx i ihy i jÞ Á jx 1 ihy 1 j Á Á Á jx iÀ1 ihy iÀ1 j jx iþ1 ihy iþ1 j Á Á Á jx n ihy n j. The map Tr i is called the partial trace. Definition 2.1. For an integer 1 i n, we call Tr i a single deletion error D i , i.e., D i ðÞ :¼ Tr i ðÞ;
where 2 SðC 2n Þ is a quantum state.
3 Our quantum error-correcting code for single deletion errors 3.1 Encoding For a quantum message :¼ j ih j 2 SðC 2 Þ with unit vector j i :¼ j0i þ j1i 2 C 2 , we encode σ to :¼ jÉihÉj, where jÉi :¼ ffiffi ffi 2 p ðj00001001i þ j01101111iÞ þ ffiffi ffi 2 p ðj00001111i þ j01101001iÞ:
Remark that this encoding can be expressed by neither any CSS codes nor any stabilizer codes.
Quantum states after the deletion errors
All the states D i ðÞ after single deletion errors for 1 i 8 are following:
and D 8 ðÞ
j0110111iðh0000100j þ h0000111j þ h0110100j þ h0110111jÞ:
Decoding
Let P ¼ fP 1 ; P 2 ; . . . ; P m g be a set of complex square matrices of order 2 n . The set P is called a projection measurement if and only if P i is a projection matrix for any 1 i m and P 1 i m P i ¼ I n holds, where I n is the identity matrix of order 2 n . For a quantum state 2 SðC 2n Þ, the probability that we obtain an outcome 1 k m by the measurement P is given by TrðP k Þ. The state ρ changes to :¼ P k P k =TrðP k Þ when the outcome k is obtained.
Let us define a projection measurement P :¼ fP 1 ; P 2 ; . . . ; P 9 g as
P j : Table I shows the probabilities corresponding to the single deletion D i ðÞ and the outcome k.
Let us explain how to correct deletion error for each outcome k. Case k ¼ 1: In this case, the obtained state is
Let U 1 be a unitary matrix of order 2 7 that satisfies U 1 j0001001i ¼ j0000000i; U 1 j0001111i ¼ j0000001i:
Case k ¼ 2: In this case, the obtained state is
Let U 2 be a unitary matrix U 2 that satisfies
Let U 3 be a unitary matrix U 3 that satisfies
Case k ¼ 4: In this case, the obtained state is
Let U 4 be a unitary matrix that satisfies 
Case k ¼ 5: In this case, the obtained state is
Let U 5 be a unitary matrix that satisfies
Case k ¼ 6: In this case, the obtained state is
Let U 6 be a unitary matrix U 6 that satisfies
Case k ¼ 7: In this case, the obtained state is
Let U 7 be a unitary matrix U 7 that satisfies
þ j0110100iðh0000100j þ h0110100jÞ:
Let U 8 be a unitary matrix U 8 that satisfies
For each outcome k, we can use U k as a recovery operator:
Thus we can obtain the original quantum message σ.
Conclusion
This letter gave the quantum code for single deletions. Our code does not belong to previously known classes of quantum error-correcting codes. For future work, the authors like to construct a class of quantum codes for deletion errors. PAS modulation and multi-dimensional modulation with BICM-ID, which are ones of coded modulation where encoders are combined with modulator, are promising to construct high-speed optical systems with flexible transmission capacity. PAS has been massively investigated in recent years, which uses the non-uniformly distributed symbols on a conventional m-QAM constellation with a distribution matcher (DM) to overcome a shaping gap of Shannon limit [1, 2, 3] . DM enables PAS systems to have flexible transmission rate with high signal-to-noise ratio (SNR) sensitivity characteristics. Multi-dimensional modulation has been also actively studied as a powerefficient modulation formats [4] and been demonstrated to provide variable capacity with set-partitioning technique [5] . While multi-dimensional modulation formats suffer from performance degradation due to non-Gray code mapping resulting from multiple adjacent symbols, BICM-ID recovers the degradation [6] .
In this paper, AIRs of the above two coded modulations, specifically, PAS on 64-QAMs having two types of DM with each Look-Up Table ( LUT), and eightdimensional (8D) modulation based on 16 QAM are evaluated by numerical calculation together with AIR evaluation of a conventional 16 QAM for comparison. Further, BER performances of end-to-end section over DM and inverse DM (DM −1 ) are quantitatively evaluated at several coding rates of FEC as well as the BER performances over forward error correction (FEC) encoder/decoder section. This allows us to compare the performance of each format at the same transmission rates or net bitrates excluding FEC overhead and bitrate increase due to DM. And finally, the obtained BER performances are analyzed with NGMI [3] derived from the calculated AIR and FEC decoder characteristics. [1] can achieve more ideal distribution with a long coding block. At a receiver, a soft-demapper firstly calculates log-likelihood rations (LLRs) using bit-metric decoding (BMD) technique for demodulation, where the supposed probability density of each symbol is weighted with the probability of occurrence of the modulation symbol determined by the DM. The demodulated LLRs estimated by BMD are finally input to DM −1 , which has an inverse function of DM. Detailed configuration including encoder/decoder is described in [1, 2, 3] .
The transmitter also modulates a binary sequence encoded by Low-Density Parity-check Code (LDPC) into 8D-SP4096-16QAM formats, where 2 16 symbols consisted of 16 binary digits on four two-dimensional (2D) Gray-mapped 16QAM planes are set-partitioned four times to form 2 12 (¼ 4;096) symbols [7] . Noted that 2 12 symbols per 8D correspond to 2 3 (¼ 8) symbols per 2D. At a receiver BICM-ID is applied to the 8D-SP4096-16QAM symbols, where bit-metric LLRs are exchanged up to 10 round trips between a demodulator (soft-demapper) and a decoder via interleaver and de-interleaver, called external iterations. Every bit-metric LLR is repeatedly recalculated in the demapper, where the supposed probability density of each bit consisting one symbol is weighted with LLRs of other bits in the same symbol that are updated in the decoder every round.
In addition, the transmitter also modulates the LDPC encoded binary sequence into a conventional Gray-mapped 2D-16QAM formats for comparison purpose, which is detected at the receiver using bit-metric decoding technique again, but without any weighing before LDPC decoding.
LDPC encoder/decoder and transmission rate
Encoder and Decoder use Low-Density Parity-check Code (LDPC) code defined by Digital Video Broadcasting-Satellite-Second Generation (DVB-S2) with codeword length of 64,800 for every modulation format. Each LDPC code is assumed to have 20 Inner iterations.
Transmission rate per 2D of PAS on 64QAM is given by
where ðk; nÞ is defined by a type of DM, R c is code rate of LDPC. On the other hands, transmission rates of 8D-SP4096-16QAM and 2D-16QAM are respectively as follows;
A set of two LDPC code rates are deliberately assumed for each modulation format, which differs from one another, as described in Table I . For example, R c ¼ 4=5 and 2/3 are respectively assumed for ðk; nÞ ¼ ð12; 10Þ of PAS to form transmission rates of 3.2 and 2.4 bit/symbol.
Achievable information rate
AIR with BMD is derived for each modulation formats using a sufficiently large number of samples by
where P x is a probability of each symbol x, m is number of bits composing one symbol, n s is number of samples, b is specific value of B i with a value of 0 or 1, ðnÞ
is LLR of k th bit in a symbol for binary value of b. To be noted, the value of the first term in Eq. (5) depends on a type of DM but not on FEC code rate of R c for PAS, while the values of the first term respectively equal to a fixed number of 3 and 4 for 8D-SP4096-16QAM and 2D-16QAM.
3 Calculation result and discussion get closer to a solid black line representing Shannon limit in the range of about 12 dB or less, compared to the blue and green lines. This shows that both types of PAS, which asymptotically approach 4.65 and 4.26 bit/symbol respectively, can reduce the gap between Shannon limit and so-called constellation constrain capacity. The reason why the two lines are separated from the lines obtained by numerical integration in the range of 4 dB or less must be the performance loss of SD FEC due to the asymmetric distribution of LLRs [3] . 0 bit/symbol. These results show that end-to-end BER performances of three modulation formats are almost identical at a same transmission rate when the error correction is used once. According to our results, the BER performances of PAS do not necessarily exceed those of other methods due to rate back-off that PAS essentially has [1] , despite of the better AIRs of PAS than the others. In addition, the obtained results show that the BER performances improve as the number of external iterations increases for 8D-DP4096-16QAM. We analyze the obtained BER performances using the NGMI [3] derived from the obtained AIR shown in Fig. 1 as follows;

BER performance
This parameter corresponds to mutual information (MI) for an LLR sequence [8] . Solid lines in Fig. 2(b) show the calculated NGMI rates at soft-demapper output or LDPC decoder input as a function of SNR.
On the other hand, Fig. 2 (c) shows MI input/output characteristics of the LDPC, which is estimated by the method shown in [8] . The dotted lines respectively show minimum values of MI input leading to error-free transmission under each LDPC code rate, whose MI output values approach 1. By comparing the solid line in Fig. 2 (b) and the dotted line in Fig. 2 (c) at each condition, SNR that makes error-free can be estimated, as shown in dotted lines in Fig. 2(b) .
The estimated SNRs in Fig. 2 (b) agree very well with the SNRs in Fig. 2(a) . For example, both BERs of PAS for ðk; nÞ ¼ ð10; 10Þ at LDPC code rate of 5/6 and 2D-16QAM at LDPC code rate of 3/4 turn into error-free around SNR of 11.1 dB. These results indicate correctness of numerical calculations for AIR and BER in this paper.
Conclusion
We numerically evaluated AIR and BER performances of PAS with a single LUT, 8D-SP4096-16QAM with BICM-ID, and 2D-16QAM for future high-speed optical communication systems. We confirmed that BER performances of three modulation formats are almost identical at a same transmission rate, when the error correction is used once. Further, the error-free SNR conditions agree very well with the values determined by the NGMI statically estimated from received LLR and MI input/ output characteristics of the LDPC.
Effective Q factor formula for small spherical surface antennas Abstract: This letter presents an effective Q factor formula for self-resonant spherical surface antennas. The self-resonant lossless Q factor and radiation efficiency calculated using spherical wave expansion provide an approximated expression for the effective Q factor. The resultant effective Q factor is larger than that of the infinitesimal loop antenna and smaller than that of the infinitesimal dipole antenna. Comparison of the result with the Q factor of spherical helix antennas has shown good agreement. A simple estimation formula can help design a small spherical helix antenna. Keywords: Q factor, small antenna, radiation efficiency Classification: Antennas and Propagation
Introduction
The bandwidth and radiation efficiency of electrically small antennas are both strongly affected by a small antenna size. The channel capacity of the communication is limited by its bandwidth, thereby necessitating a wide operating bandwidth. As the bandwidth is proportional to the reciprocal of the Q factor [1] , the bandwidth of electrically small antennas is evaluated using the Q factor.
The theoretical limit for the Q factor can be obtained both analytically and numerically. Chu [2] demonstrated that a small antenna fabricated using lossless materials cannot exceed the theoretical lower bound using the spherical wave expansion. This result is limited to the case wherein the stored electric and magnetic energy inside the circumscribing sphere is zero. The stored energy inside the sphere can be increased by expanding the electromagnetic field inside the sphere [3, 4] . The Q factor of arbitrarily shaped antennas have also been numerically calculated by discretizing the antenna surface and applying convex optimization [5] .
The bandwidth of a small antenna should be evaluated by the effective Q factor rather than the lossless Q factor because the low radiation efficiency of a small antenna increases the effective bandwidth. The radiation efficiency and the effective Q factor of a gain-optimized spherical antenna have been derived by Harrington [6] , but this publication does not mention the case for the maximum radiation efficiency. The effective Q factor of the non-resonant small antenna is analytically calculated using the radiation efficiency of the infinitesimal dipole and loop antenna [7] . The radiation efficiency of these antennas is underestimated for the small selfresonant antenna and is unsuitable for estimating the self-resonant effective Q factor.
A recent investigation has revealed that the upper bound of the radiation efficiency for the small self-resonant antenna can be obtained using the spherical wave expansion [8] and the equivalent circuit method [9, 10] . The Q factor of the lossless antenna increases monotonically as the antenna size decreases. In contrast, the effective Q factor of small antennas with lossy material approaches zero owing to the low radiation efficiency [11] . This finding poses the question of how large the effective Q factor of the transition region should be to ensure a value between an extremely small antenna size and an intermediate one. To answer this question, we herein investigate the effective Q factor of the self-resonant spherical surface antenna for all small antenna regions using the lossless self-resonant Q factor and the radiation efficiency. These results may help the antenna designer by providing not only a design guideline for spherical helix antennas but also a rough estimate for general small antennas.
Lossless Q factor for self-resonant spherical surface antennas
We assumed a spherical current sheet with a radius R fabricated from a good conductor having conductivity σ as the spherical surface antenna. The center of the spherical surface antenna coincides with the origin of the spherical coordinate system. The current distribution on the sphere and the radiated electromagnetic fields can be expressed using the vector spherical wave expansion [12] and classified into TM nm or TE nm modes, where n and m denote the indices in the radial and azimuthal directions, respectively. As a small antenna was considered, it was assumed that the lowest-mode (n ¼ 1) current and electromagnetic fields are excited and higher-order modes (n ! 2) are suppressed. The index m was fixed at zero because it did not affect the stored energy and the Q factor.
The Q factor of the lossless and self-resonant antenna Q sr is defined as [13] Q
where ω is the angular frequency, P r is the total radiated power, and W e and W m denote the stored electric and magnetic energy, respectively. The radiated power and stored energy can be separated into the TM mode part and the TE mode part as follows:
Substituting Eqs. (2)-(4) into Eq. (1), the Q factor can be rewritten as 
The Q factor is the sum of contributions from both the TM and TE modes. Each Q TM,TE e;m is calculated as mentioned in Ref. [4] in terms of the spherical Bessel functions. The self-resonant Q factor Q sr has been described in Ref. [11] by Eq. (5); however, Q sr in the elementary function was not described in this work. The ratio of the TE-to-TM radiated power of the resonance antenna [8, 14] for Q sr is given by where j n and y n are the spherical Bessel functions of the first kind and second kind of the n-th order, and k denotes the free space wavenumber. On substituting Eq. (7) into (5) and using Rayleigh's formulas [12] , Q sr becomes the explicit form of elementary functions; this can be rewritten as Q sr ¼ 1 2 ½f4ðkRÞ 4 À 12ðkRÞ 2 þ 2g sin 4 ðkRÞ þ f10ðkRÞ 3 À 8ðkRÞg cosðkRÞ sin 3 ðkRÞ þ f4ðkRÞ 6 À 6ðkRÞ 4 þ 12ðkRÞ 2 À 2g sin 2 ðkRÞ þ fÀ2ðkRÞ 7 þ 4ðkRÞ 5 À 5ðkRÞ 3 þ 4ðkRÞg cosðkRÞ sinðkRÞ À 2ðkRÞ 6 þ ðkRÞ 4 À 2ðkRÞ 2 Á ½f2ðkRÞ 5 À ðkRÞ 3 g sin 2 ðkRÞ þ f2ðkRÞ 4 À ðkRÞ 6 g cosðkRÞ sinðkRÞ À ðkRÞ 5 À1 :
ð8Þ
The self-resonant Q factor Q sr in the exact form in Eq. (8) can be approximated by
where kR ( 1. This expression coincides with the formula using the equivalent circuit method [9] . Fig. 1(a) shows the single and self-resonant Q factor of the lossless spherical antenna. This figure indicates that the Q sr is approximately a third and two-thirds of the TE and TM single-mode Q factors (Q TE and Q TM ), respectively. The approximated formula in Eq. (9) is shown in Fig. 1(b) and is close to the Chu limit Q Chu for the small antenna region (kR 0:5). Q sr includes the stored energy inside the antenna, whereas the Chu limit does not consider the internal energy.
Effective Q factor for spherical surface antenna
The effective Q factor for self-resonant spherical surface antennas Q eff is defined as Q eff ¼ Q sr , where η denotes the radiation efficiency of the spherical surface antenna. η can be rewritten as ¼ ð1 þ P l =P r Þ À1 where P l =P r is the ratio of the dissipated power to the radiated power. P l =P r is calculated under the assumption of uniform current distribution in the skin depth D [8] as 
where Z 0 is the free-space impedance. Q eff is plotted in Fig. 2 
where " 0 denotes the free-space permittivity. With the aid of Eqs. (9) and (11), the approximated effective Q factor can be expressed as
This newly derived formula has an error of less than 2% for the exact value in the region of kR < 0:5 because the approximated radiation efficiency and effective Q factor is accurate in the same region.
4 Numerical validation Fig. 3(a) shows the numerical validation of Q eff . The effective Q factors of the infinitesimal dipole and loop antenna [7] are indicated by Q lbe and Q lbm , respectively. Q lbe is close to Q eff , whereas Q lbm is smaller than Q eff . This is due to the relatively large radiation efficiency of the infinitesimal dipole antenna and the extremely small efficiency of the infinitesimal loop antenna. Q Carl in Fig. 3(a) is the effective Q factor calculated by the equivalent circuit method [9] . Two current sheets radiating inside and outside of the sphere are assumed for Q Carl , whereas Q eff is calculated with one current sheet. This area of the current sheet causes a difference in the radiation efficiency and the effective Q factor. Both Q eff and Q Carl have the order of ðkRÞ 1 .
The effective Q factor of one-, two-, and four-arm spherical helix antennas Q sph shown in Fig. 3(b) were also calculated numerically and are plotted in Fig. 3(a) . The method of moment (NEC2 engine) was used for this numerical simulation. As the current distribution of these antennas was similar to the ideal spherical current sheet, the result approached Q eff as the number of wires increased.
It is obvious that the formula can estimate the effective Q factor of a spherical helix antenna. As the spherical expansion limits the shape of the antenna to a sphere, the formula is limited to spherical-type antennas. The resultant formula, however, may provide a rough estimate for general small antennas because a spherical surface antenna is considered the simplest and most well-analyzed model of small antennas.
Conclusion
In this paper, we described the exact self-resonant Q factor Q sr and approximated an effective Q factor Q eff using the stored energy calculated by spherical wave expansion. The approximated expression of Q eff was derived for the first time. It was confirmed that Q sr is smaller than the single-mode Q factor and is close to the Chu limit. The simulated results of the spherical helix antennas demonstrated that the effective Q factor of these antennas approaches Q eff . Moreover, comparisons between Q eff and the previous results obtained via the equivalent circuit method validate the value obtained for Q eff . In a future study, the radiation efficiency and the effective Q factor will be measured and compared with these results.
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Introduction
In recent years, multi-user multiple-input multiple-output (MU-MIMO) has become a promising technique for high-speed and high-capacity wireless communication systems, as simultaneous transmission can be realized via a single antenna mounted on a mobile station (MS) [1] . Moreover, to further enhance the system capacity, MU-MIMO is normally applied to orthogonal frequency division multiplexing (OFDM), which has been adopted for IEEE 802.11ac [2] and LTE-Advanced [3] .
To realize MU-MIMO, precoding techniques are essential and are categorized into two approaches: linear precoding (LP) and non-linear precoding (NLP). NLP provides the better system capacity than LP because it reduces noise enhancement and has thus emerged as a candidate technique to realize 5G systems [4, 5, 6] . Of the various NLP schemes, Tomlinson-Harashima precoding (THP) is considered a practical approach because the perturbation vector can be generated by a simple modulo operation [5, 7, 8] .
In this letter, we investigate the theoretical system capacity of MU-MIMO-OFDM THP in the presence of terminal mobility. The primary objective of our investigation is to grasp the exact theoretical capacity of MU-MIMO-OFDM THP under time-selective fading channels caused by terminal mobility, which ought to be considered in mobile wireless communications. In a previous study, we successfully derived the exact system capacity of MU-MIMO THP under timeselective fading channels [9] , and therefore this study extends our previous work to OFDM-based broadband wireless systems. More specifically, the effect of both the multi-user interference (MUI) and inter-carrier interference (ICI) caused by timeselective fading is analyzed considering the application of THP to OFDM-based systems, and its effect is included in the mod-Λ channel [9] . This makes it possible to provide an exact system capacity analysis based on the adoption of OFDM as well as the modulo loss peculiar to THP in the presence of terminal mobility. Moreover, our investigation enables a fair comparison in terms of the system capacity between THP and LP without time-consuming computer simulations, and it demonstrates the superiority of THP over LP even in the presence of terminal mobility.
2 System capacity analysis of MU-MIMO-OFDM THP Fig. 1 shows the system configuration of MU-MIMO-OFDM THP, where N t , N r , and N denote the number of transmit antennas, MSs with one received antenna element, and sub-carriers. In Fig. 1 , the feedforward (FF) and feedback (FB) filters of THP can be implemented in each sub-carrier by an LQ decomposition [8, 9] so as to retain spatial orthogonality among multiple MSs. Especially in THP, the modulo operation is performed to limit the transmit power increased by the addition of an interference subtraction vector generated by the FB filter. Moreover, because the transmit power is changed by the FF filter, a power normalization factor is required. In the p-th sub-carrier, the power normalization factor is given by
is the covariance matrix of the transmit signal after the modulo operation V p 2 C N r , and 2 x denotes the modulated signal power. After the precoder output is converted into the time domain signal with the length of T s by means of IFFT processing, these signals are transmitted from each transmit antenna.
In general, terminal mobility creates time-selective fading, which causes a mismatch between the channel state information (CSI) for precoding and actual channel condition in data transmission. This mismatch destroys the space-frequency orthogonality in precoding, which leads to both the MUI and ICI. In this letter, we derive both the MUI and ICI resulting from terminal mobility in MU-MIMO-OFDM and then incorporate its impact into the system capacity analysis based on the mod-Λ channel.
In time-selective Rayleigh fading channels, the channel matrix between the j-th transmit antenna and i-th MS Hðt; fÞ 2 C N r ÂN t is correlated with the preceding channel condition Hðt À Át; fÞ 2 C N r ÂN t , which is represented by [9] 
where K Át ¼ diagðk 1;Át ; Á Á Á ; k N r ;Át Þ 2 R N r ÂN r and M Át 2 C N r ÂN t denote the time correlation matrix and uncorrelated channel error matrix. Here, the diagonal element of K Át is given by k i;Át ¼ J 0 ð2f D i ÁtÞ, where J 0 ðÁÞ and f D i are Bessel function of the first kind of order 0 and the maximum Doppler frequency of the i-th MS, respectively. Moreover, each element of M Át follows the complex Gaussian distribution with mean 0 and variance ð1 À k 2 i;Át Þ 2 h . Assuming that the time difference between the CSI for precoding and precoded data transmission is Át as shown in Fig. 1 , the received time domain signal vector rðtÞ 2 C N r is expressed as
Ts t Hðt; k=T s ÞF k V k þ zðtÞ
where zðtÞ 2 C N r is the noise vector. Moreover, it should be noted that Hðt À Át; k=T s Þ denotes the CSI matrix which matches with the FF filter F k . After conducting FFT processing, we can represent the received frequency domain signal vector of the p-th sub-carrier 
where X p ¼ ½X 1;p ; Á Á Á ; X N r ;p T 2 C N r denotes the original modulated signal vector of the p-th sub-carrier.
With a focus on the i-th MS, the received signal Y i;p is represented by
where m i;Át and h i ðÁ; ÁÞ are the i-th row vectors of M Át and HðÁ; ÁÞ, respectively. From Eq. (5), the received signal Y i;p contains the desired signal, MUI, ICI, and noise components, and in consequence, the powers of these terms are calculated as
where 2 v and 2 n are the transmit signal power after the modulo operation and noise power, respectively.
The system capacity as well as the effect of the modulo loss peculiar to THP can be derived by the mod-Λ channel [9] , which is represented by
where τ denotes the modulo width. Moreover, pðz mod Þ (À=2 < z mod < =2) is the probability distribution function of the white Gaussian noise after the modulo operation z mod , which is given by
3 Numerical results
We demonstrate the theoretical results of MU-MIMO-OFDM THP in terms of both the signal-to-interference-plus-noise ratio (SINR) and system capacity to clarify the impact of terminal mobility and then compared it to MU-MIMO-OFDM LP. In our performance evaluation, spatially uncorrelated Rayleigh fading is assumed for the MIMO channel, where each channel follows a 16-ray exponentially decaying multipath channel. Here, the delay spread normalized by the sampling rate T sam (¼ T s =N) is set to be rms ¼ 1:0T sam . Moreover, the perfect CSI feedback is assumed and its feedback error and delay are negligible. To enhance the transmission performance of THP, the ordering process [8, 9] is adopted. Fig. 2 shows the cumulative distribution function (CDF) of the SINR with parameters of the normalized maximum Doppler frequency f D T sam and number of sub-carriers N, where the MIMO antenna configuration and average CNR are set to be 8 Â 8 and 25 dB, respectively. From Fig. 2 , we can see that because THP effectively suppresses the effect of the MUI and ICI as well as the noise enhancement, THP achieves better SINR than LP even in the presence of terminal mobility. Moreover, it is observed that the SINR is degraded with an increase in the number of sub-carriers N regardless of the precoding scheme because the effect of ICI becomes critical. Fig. 3 shows a performance comparison between THP and LP in terms of the sum-rate versus the normalized maximum Doppler frequency f D T sam with a parameter of the MIMO antenna configuration, where the number of sub-carriers N ¼ 256 and the average CNR is set to be 25 dB. From Fig. 3 , it can be seen that the performance gap between THP and LP decreases in the range of f D T sam > 10 À4 regardless of the MIMO antenna configuration. This is because terminal mobility escalates the effect of the modulo loss with the MUI and ICI. Moreover, the superiority of THP over LP is enlarged with an increase in the MIMO antenna configuration as a result of the space diversity effect.
Conclusion
In this letter, we theoretically analyzed the exact system capacity of MU-MIMO-OFDM THP in the presence of terminal mobility. Considering the application of THP to OFDM transmission, we derived the effect of both the MUI and ICI due to terminal mobility and this effect was incorporated into the system capacity analysis based on the mod-Λ channel. Numerical results showed that THP still achieves the higher system capacity than LP even in the presence of terminal mobility. The study showed that the proposed approach provides a comprehensive performance evaluation of MU-MIMO-OFDM THP when considering possible effects such as the MUI, ICI, and modulo loss without any time-consuming computer simulations. In general, the proposed analysis can be used to verify the applicability of THP to OFDM-based mobile broadband systems. p. 534 p must be retransmitted. p. 535 
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